We formulate the locally supersymmetric E 7(7) exceptional field theory in a (4 + 56|32) dimensional superspace, corresponding to a 4D N = 8 "external" superspace augmented with an "internal" 56-dimensional space. This entails the unification of external diffeomorphisms and local supersymmetry transformations into superdiffeomorphisms. The solutions to the superspace Bianchi identities lead to on-shell duality equations for the p-form field strengths for p ≤ 4. The reduction to component fields provides a complete description of the on-shell supersymmetric theory. As an application of our results, we perform a generalized ScherkSchwarz reduction and obtain the superspace formulation of maximal gauged supergravity in four dimensions parametrized by an embedding tensor.
Introduction
It is well known that compactifications of 11-dimensional supergravity on an n-torus give rise to an enhancement of the manifest SL(n, R) symmetry to symmetries including the exceptional groups E n(n) [1, 2] , and that their suitable discrete subgroups are interpreted as the U-duality symmetries of Mtheory [3] . The search for a manifest origin of these symmetries in 11-dimensions prior to any toroidal compactification and without any truncation, which started in [4] , has culminated in a series of papers [5] [6] [7] [8] where this was achieved in a framework called exceptional field theory (ExFT). It is based on a generalization to exceptional geometry [9] [10] [11] [12] [13] of the double field theories (DFT) that provide a manifest realization of the T-duality group O(n, n) that arises in toroidal compactification of string theory [14] [15] [16] .
In that case the 10-dimensional spacetime coordinates are doubled and certain conditions on fields known as section constraints are imposed. The latter are required for the symmetries to form a closed algebra and, in effect, remove dependence on coordinates beyond ten dimensions. For a more detailed description of the ideas behind these theories, with several references to earlier works, see [5] .
Exceptional field theories are well motivated for a number of reasons. Firstly, they have made it possible to derive fully nonlinear and consistent reductions to gauged supergravities in lower dimensions. For example the long standing problem of finding the nonlinear and consistent reduction of Type IIB supergravity on AdS 5 × S 5 was solved in this way [17] . Second, exceptional field theory provides a convenient framework for taking into account the BPS states in the computation of loop corrections to the string low energy effective action [18] . Furthermore, higher derivative corrections to the supergravity limit of string/M-theory may be powerfully tackled by employing the DFT/ExFT in which the U-duality symmetry is manifestly realized. For the case of DFT, see [19] and several references therein for earlier work. Last but not least, the generalized geometry underlying exceptional field theories may pave the way to the construction of effective actions that genuinely go beyond 11D supergravity, thereby shedding light on important aspects of M-theory.
In this paper, we shall focus on the exceptional field theory based on E 7(7) [7] , and starting from its supersymmetric extension provided in [20] , we formulate the theory in (4+56|32) dimensional superspace. One of our main motivations is the construction of actions for M-branes propagating in a target space described by the generalized geometry of exceptional field theory. This problem is still open, though progress has been made in the form of exceptional sigma models for string theory [21] . The importance of a superspace formulation of target space supergravities becomes especially clear with the realization that all known actions for branes beyond strings are feasible only as sigma models in which the target is a superspace. Another motivation for the exploration of supergeometry in exceptional field theories is to find clues in the search for an extended geometrical framework which would unify the external (spacetime) and internal space diffeomorphisms.
Our approach to the superspace formulation of the supersymmetric E 7 (7) ExFT is to elevate the 4-dimensional "external" spacetime to (4|32) dimensional "external" superspace 1 and to augment this with a 56-dimensional "internal" space. As such, the external diffeomorphisms and local supersymmetry transformations of ExFT are unified to external superdiffeomorphisms with structure group GL(4|32), with E 7(7) internal diffeomorphisms treated separately. In particular, there are separate (super)vielbeins for the two spaces. This is in contrast to early work involving so-called "central charge superspace" [26] where the vielbeins were unified into a single sehrvielbein but with all fields independent of the additional 56 coordinates, 2 as well as more recent efforts in superspace double field theory where a unified description is sought (see e.g. [27] [28] [29] [30] ).
Our approach turns out to require more than just a superspace lift of [20] . We find that it is important to redefine a constrained two-form of the theory, so that it transforms inhomogeneously under Lorentz transformations. This allows one to eliminate the internal part of the Lorentz spin connection everywhere, with the constrained two-form now playing its role. Another important step is the relaxation of the constraints imposed on the E 7(7) connection Γ mn p in [20] . Recall that these constraints amounted to (i) the elimination of non-metricity of the internal generalized vielbein postulate; (ii) the vanishing of the E 7(7) torsion tensor; and (iii) requiring that the 4D volume form be covariantly constant, ∇ m e = 0. Here we will find it convenient to relax all of them, and to take a completely generic internal E 7 (7) connection. Naturally, this is consistent only if the undetermined pieces drop out of the supersymmetry transformations, which we will show.
We also probe further the sector of the theory that involves extra 3-form and 4-form potentials within the framework of the tensor hierarchy formalism. In particular, we show that the solutions to the superspace Bianchi identities lead to on-shell duality equations for the p-form field strengths for p ≤ 4. We also show that the reduction to component fields provides a complete description of the onshell supersymmetric theory, including the higher order fermion terms. As an application of our results, we perform a generalized Scherk-Schwarz reduction and obtain the superspace formulation of maximal gauged supergravity in four dimensions parametrized by an embedding tensor.
The paper is organized as follows. In Section 2, we review the locally supersymmetric E 7(7) exceptional field theory in components. In Section 3 we lay the groundwork for the superspace formulation, in particular describing the required redefinition of a constrained 2-form potential, and its consequences. In Section 4, we describe the superspace formulation, including the superspace Bianchi identities and their solutions. In Section 5, we present the component results, establishing that they agree with the component formulation of [20] subject to the redefinition of the 2-form potential. In Section 6, we perform a generalized Scherk-Schwarz reduction and obtain the superspace formulation of maximal gauged supergravity in four dimensions parametrized by an embedding tensor. In Section 7 we comment further on our results and point out future directions. In Appendix A, we give some details of our conventions. Appendix B contains some technical details of the algebra of external and internal covariant derivatives that we found useful in explicit computations.
2
Supersymmetric E 7(7) exceptional field theory in components
Let us begin by reviewing the structure of the E 7(7) -covariant ExFT, first in its original bosonic formulation [7] and then its supersymmetrized extension [20] . The bosonic field content is given by The vierbein e m a describes the geometry of external 4D spacetime, while the 56-bein V m a , parametrizing the coset E 7(7) /SU (8) , describes the internal geometry. The 1-form A m m gauges internal diffeomorphisms on external spacetime and lies in the fundamental (56) of E 7 (7) . Requiring closure of internal diffeomorphisms on the 1-form requires the existence of 2-forms B mn α and B mn m valued respectively in the adjoint (133) and fundamental (56) representations. The internal tangent space index a on the 56-bein decomposes under SU(8) as 28 + 28,
satisfying V mij = (V m ij ) * with SU(8) indices i, j, · · · = 1, . . . , 8. All fields in the theory, including the symmetry transformation parameters that will be encountered below, depend on both external (x m ) and internal (y m ) coordinates, with the dependence on the latter subject to the section conditions. We write these as
where the derivatives are understood to act on any two (or the same) fields or parameters. Here (t α ) m n are the E 7(7) generators in the fundamental representation, Ω mn is the invariant symplectic form of E 7(7) ⊂ Sp(56), and we employ the usual (NW-SE) conventions for raising and lowering 56 indices, e.g. (t α ) mn = Ω mp (t α ) p n and (t α ) mn = (t α ) m p Ω pn . In addition, the field B mn m is constrained on its internal index so that it obeys the section condition with respect to both ∂ m and itself, i.e. In the first set of equations, the derivative may act on another field or on B mn m itself. In principle, 3-forms and 4-forms are also required for a complete description of the tensor hierarchy, but these drop out of the action, and so one can usually avoid any explicit discussion of their properties. Nevertheless, we will find it useful to discuss them briefly in a few places. 
Generalized vielbein postulates
For later purposes, we record the generalized vielbein postulates (GVP) satisfied by external and internal vielbeins:
The connections Γ mn p and π m ab = π m (ab) are defined by (2.5) and (2.6), and Q and P live in SU(8) and its orthogonal complement in E 7(7) , respectively, so that
and similarly for Q m and P m . The E 7(7) covariant derivative D m is defined as 10) where the generalized Lie derivative acts on a fundamental vector V m of weight λ(V m ) as
where the second term is projected onto the adjoint of E 7(7) , i.e. 12) with the adjoint projector given by
We emphasize that the symplectic metric Ω mn is used to raise and lower the 56-plet indices as V m = Ω mn V n and V n = V m Ω mn , and it is an invariant tensor of weight 0, namely L Λ Ω mn = 0. Defining the generalized torsion tensors as
14)
the following constraints are imposed in [20] T mn p = 0 ,
The definition of generalized torsion T mn k is motivated by the relation The connection Γ mn p lives in the algebra e 7(7) and as such we can write
Using this relation in (2.15), one finds that 19) where the projector onto the 912 dimensional representation is given by [32] 
We have used the notation (
Bosonic symmetries, duality equations and tensor hierarchy
The full bosonic theory is invariant under the generalized diffeomorphisms, vector, and tensor gauge symmetries, and shift symmetries with parameters (ξ m , Λ m , Ξ m α , Ξ m m , Ω mn m n , Ω mn n α ), respectively. These transformations are given by
where
and
23)
with the E-bracket defined by 
Note that F, D m F and H α transform covariantly under internal diffeomorphisms, while H m does not, which is evident from the presence of the non-covariant term ∂ n H α term in (2.26) . From this equation, upon using the definition of F, one finds that
27)
The three-forms C mnp m α and C mnp n m introduced in (2.27) and (2.28) are projected out of the Bianchi identity (2.26) using the section condition. 4 They may be thought of as parametrizing the part of the field strengths H mnp α , H mnp m , which is left undetermined by (2.26) with their presence being necessary for invariance of the curvatures under the higher p-form gauge transformations. The covariant derivatives read explicitly
The 3-form field strengths in turn obey the Bianchi identities
which serve to define the curvatures G mnpq m α and G mnpq m n associated with the 3-form potentials. This leads to the introduction of 4-form potentials in certain representations of E 7(7) and obeying certain constraints. The transformation rules for the 3-form and 4-form potentials can be determined from the requirement of the closure of the algebra. We will not need these transformation rules, except for the behavior of the 3-form potentials under external diffeomorphisms, which we shall derive below. We will also derive the duality equations obeyed by 4-form field strengths below, and we shall comment on the occurrence of particular 4-form potentials in their definitions in Section 4.5.
The curvatures associated with the p-form potentials with p = 1, 2, 3 obey duality equations given 4 We use the identity (2.13) and t α(mn Cmnp p)α = 0. The latter identity follows from the fact that Cmnp p α belongs to the 912 of E 7(7) while (56 × 56 × 56)S does not contain the 912.
by [7] 
The first duality equation (2.32) is required together with the second-order pseudo-action given in [7] in order to describe the correct vector field dynamics. The second order field equation for the vector fields can then be obtained by the external curl of (2.32) together with the Bianchi identity (2.26).
Comparing this second order equation to the one obtained from variation of the pseudo-action gives rise to the duality equations (2.33), (2.34). As in the Bianchi identity (2.26), the duality equations (2.33) and (2.34) only follow under projection with (t α ) mn ∂ n , and their remaining parts may thus be taken as an equations for the three-form potentials introduced in (2.27) and (2.28). 6 The variations of the 3-form potentials under all the bosonic symmetries can be determined from the requirement of the invariance of the duality equations above. For later purposes we shall in particular need their variations under the external diffeomorphisms. To determine them, we consider the invariance of the duality equation (2.33) under the external diffeomorphisms. To this end, the following formula for the general variation of H α is useful:
and we have used the following identity: [7, 20] that is corrected below, keeping in mind the change in sign of the spin connection. 6 It is worth noting that the variation of the duality equation (2.32) yields (2.33) but not (2.34) for the constrained field. The latter involves two derivative terms on the right hand side, and these are derived in [7] by employing a suitable action. the duality equation of H α transforms covariantly, provided that we also impose the following duality equation for the four-form field strength 40) with the current J rβ defined by
In this calculation the terms involving the field strength G mnpq m n cancel, and consequently a duality equation for this field strength does not follow. However, H mnp α determined from (2.33), substituted into the Bianchi identity (2.30) gives 
In obtaining this result, we have used (2.32) and the following scalar field equation that follows from the action given in [7] :
Supersymmetry transformation rules
The supersymmetry transformation rules are given by
,
(2.46) 7 In order to strip off the (tα)m n , we make use of the fact that Gmnpq m n is constrained on its m index. This condition means that G lies in a generic 56 × 56 representation, as any projection operation would spoil the section condition. Since a generic 56 × 56 always contains the adjoint representation, there is no ambiguity in solving this equation.
The coset currents P m ijkl are defined as
which also defines the composite SU(8) connection
The covariant derivatives of a spinor X ni with and without Christoffel connection are defined as
The hatted covariant derivative ∇ m is obtained from ∇ m by replacing ω m ab with
Finally, let us note the simplification
and that writing out the covariant derivatives in the variations of the fermionic fields gives
54)
3 Laying the groundwork for superspace
The supersymmetry transformations described in the previous section do not readily admit a lift to a conventional superspace due to a number of obstacles. Some of these, for example, the term involving the internal derivative of the supersymmetry parameter in the gravitino transformation (2.46), are rectified by understanding the structure of external superdiffeomorphisms in superspace. Other issues, such as the nature of the last term in the transformation of B mn m , require that we first make some redefinitions of fields appearing at the component level before considering their superspace analogues.
In this section, we will elaborate upon a few modifications of the component theory that shed light on its superspace lift. First, we describe the action of the external diffeomorphisms on the fermions.
Then we proceed to describe a redefinition of the two-form B mn m , which appears necessary to make sense of its superspace analogue. The redefined two-form turns out to have a simpler transformation under both external diffeomorphisms and supersymmetry transformations. Finally, we compute the algebra of external diffeomorphisms. Afterwards, we will describe the fate of the four generalized vielbein postulates, (2.5) -(2.8), in superspace. As we shall see, only the latter two of these, involving the 56-bein, continue to play any role. We will further argue that a more democratic form of the internal GVP (2.8), which includes non-metricity and leaves the generalized torsion unfixed, is more natural from a superspace perspective. This will prove useful both for understanding some of the structure of the supersymmetry transformations and for connecting with the superspace of gauged supergravity after a generalized Scherk-Schwarz reduction [17] , as we shall see in Section 6.
External diffeomorphisms of the fermions
Let us first summarize some details about external diffeomorphisms in the supersymmetric theory that have not previously appeared in the literature. As in the bosonic theory (see (2.21)), the vierbein e m a and the 56-bein transform as tensors under external diffeomorphisms. It turns out the same is not true of their superpartners ψ i and χ ijk . Rather, these fields transform under external diffeomorphisms as
The non-tensorial terms involving internal derivatives of ξ m , which we will refer to as anomalous terms, can be justified in a few different ways. Perhaps the simplest (which we followed) is to compute them directly in D = 11 supergravity after reformulating it to make the local SO(1, 3) × SU(8) tangent space symmetry manifest [4] . This corresponds to an explicit solution of the section condition in ExFT, and so the results can be lifted to ExFT exactly along the lines followed in [20, 33, 34] . Another approach, formulated entirely within ExFT, would be to require closure of the algebra of external diffeomorphisms. It will be convenient to work out this algebra after performing a redefinition of the two-form B m as we shall do below.
Redefinition of the two-form and the algebra of external diffeomorphisms
While, as we will see, the external diffeomorphisms of most of the fields can be directly lifted to superspace, the transformation of B mn m -specifically the second term in (2.21) -proves to be problematic. This is due to the presence of the inverse vierbein. Whereas we will be identifying the component vierbein e m a as the element E m a of the supervielbein E M A , the inverse vierbein e a m has no simple interpretation in superspace, as it does not correspond to the element E a m of the inverse supervielbein. This is why, typically in supersymmetric theories, one can formulate supersymmetry transformations without explicit use of the inverse vierbein.
It turns out that there is a redefinition of the two-form B mn m that resolves this issue. 8 We will take
It follows that the symmetry transformations of (A m m , B mnα ) given in (2.21) preserve their form with B mn m replaced by B ′ mn m in F mn m and H mnp α , provided one makes the compensating Ξ and Ω transformations with parameters
Thus we have
Now noting that
where we have used D [m e n] a = 0, one finds from (2.21) that
The second term in this transformation can be readily lifted to superspace as it involves only forms.
Here we interpret ω p ab as a one-form that can be lifted to superspace, as opposed to expressing it as a composite in terms of the vierbein and its inverse. In achieving this simplification, we have paid a price. The field B ′ mn m now transforms under local Lorentz transformations as
We will find soon find that the internal spin connection ω m ab no longer appears in any expressions and covariance under y-dependent Lorentz transformations is now ensured by the field B ′ and the field strength F(B ′ ) in which it appears.
Before moving on, there are a number of features of the field strength F(B ′ ) we should discuss. Because we have essentially redefined it as
the self-duality equation (2.32) now takes the form
in terms of the modified field strength 10) or equivalently
The additional term in F can be understood as the twisted dual of the term we have added to B, which is necessary so that F continues to be twisted self-dual. It transforms under Lorentz transformations as
As a consequence of the additional term in its definition, F satisfies a modified Bianchi identity
where we have used the vanishing of the external torsion T mn p = 0. Later on, it will be convenient to rewrite this expression in a form that is manifestly covariant under internal diffeomorphisms. To this end, we note that
and introduce a modified three-form field strength
The field strength H m is a tensor under internal diffeomorphisms, whereas H m (B ′ ) is not. Now the Bianchi identity (3.13) takes the form
In the above expressions, we have kept explicit the generalized torsion tensor T m α , even though it was constrained to vanish in [20] . We will soon see that it is convenient to relax this requirement and allow a non-vanishing T m α . The modified field strength H m similarly appears in the covariantized variation of B ′ mn m , which is given by
While the on-shell duality equation (2.33) of H mnp α is unchanged by the redefinition of B, the duality equation (2.34) for H mnp m now reads
Note that the duality equation for the modified field strength can be written 19) which is manifestly covariant under internal diffeomorphisms. Turning to the supersymmetry transformations, the redefinition of the two form B mn m clearly affects only those for B mn m , ψ m i , and χ ijk , which now take the form 
Note that the last term in the supersymmetry variation of B mn m has vanished, and the internal connection ω m ab has dropped out everywhere, thereby making the superspace lift of these formulae possible, as we shall see later.
Finally, computing the commutators of the external diffeomorphism, with the two-form field redefinition performed, we find the following soft algebra 9 22) with the composite parameters given by
These can be deduced by working out the commutator algebra on e m a , V m a and A m m . As for the composite Ω-transformations, they can be computed from the closure of external diffeomorphisms on B mn α and they will involve the 4-form field strengths. We shall skip the derivation of these field strengths and the resulting composite Ω parameters, as they are not needed here.
Generalized vielbein postulates
Now let us address the generalized vielbein postulates. Two of them, (2.5) and (2.6), involve the external vielbein. Neither of these turn out to have natural superspace analogues. A straightforward superspace generalization of the first equation (2.5) by extending the coordinate index to a supercoordinate index, m → M , runs into the problem that its mn a component differs from the mn a component of the original bosonic equation (2.5) due to the presence of a term Γ mn ρ E ρ a (and its complex conjugate), where ρ (ρ) is the 16-component index of the chiral (antichiral) Grassmann coordinate θ ρ (θρ). This is problematic because E ρ a has no geometric meaning at the component level. 10 One cannot circumvent this issue by setting Γ mn ρ to zero by hand, as this violates general supercovariance. Conventional superspace avoids this because the affine connection is actually unnecessary for describing supergravity; it appears in no supersymmetry transformation, nor is it included in the gravitino kinetic term. Instead, one uses the spin connection, which can be fixed to its usual expression by requiring the torsion tensor T a = De a to vanish. This condition in turn has a natural lift to superspace. Thus, we shall abandon (2.5) in superspace and instead define the vector torsion tensor 24) where Ω b a is the Lorentz-valued superconnection. (A similar torsion tensor can be defined in terms of the gravitino one-form E αi , but we will postpone its discussion to the next section.) The physics originally 9 The appearance of non-trivial SO(1, 3) and SU (8) parameters is less surprising if one recalls that in the 4+7 reformulation of D = 11 supergravity, the external diffeomorphism corresponds to an 11D diffeomorphism plus a local SO (1, 10) transformation; the commutator of two such transformations gives an SO(1, 3) × SO(7) transformation. 10 Component fields and forms are derived from superfields and superforms by projecting θ = 0 and dθ = 0. Geometrically, this is the pullback of the inclusion map that embeds spacetime into superspace. For the vector vielbein one-form E a , the only component that survives this projection is em a = Em a | θ=0 . The components Eρ a | θ=0 and Eρ a | θ=0 turn out to be pure gauge degrees of freedom. While they can be set to zero as a Wess-Zumino type gauge fixing condition, this is not necessary.
encoded in the vanishing torsion condition will now be encoded in constraints placed upon T CB a . We will discuss these in due course. The point is that one avoids ever introducing an affine connection Γ M N P in superspace and so there is no analogue to (2.5).
Similar statements pertain to (2.6), although here the situation is somewhat different. This equation can be interpreted as a definition of a field π mn a ,
The constraint amounts to requiring π m a b := π mn a e b n to be symmetric in ab, which allows one to determine the internal spin connection. Equivalently, a choice of internal spin connection permits one to set the antisymmetric part of π m a b to zero. However, this has no natural superspace lift. One would need to introduce π mN a = π m a B E N B , but this involves also π m a βj and π m aβj . A choice of internal spin connection leaves these unaffected. Moreover, they cannot be set to zero without constraining the internal derivative of E N a itself. Therefore, we must dispense with (2.6) as well. At first glance, this is problematic because it forces us to drop the internal spin connection as there is no longer any ability to define it. But as mentioned above, the role of the internal spin connection will turn out to be played by the constrained two-form. The remaining two vielbein postulates (2.7) and (2.8) involve only the 56-bein and these pose no obstacles to a superspace interpretation. The external derivative of the 56-bein (2.7) we will lift to superspace simply by replacing m with M .
However, for the purely internal GVP (2.8), we find that it is useful to choose a more general form. It was already observed in [20, 33] that the internal GVP derived from the SU(8) reformulation of D = 11 supergravity does not take the restricted form (2.8), but rather includes so-called non-metricity. The most general form of the internal GVP is
Here Q mi j is the internal SU(8) connection and the non-metricity P m ijkl is a pseudo-real expression in the 70 of SU (8) . There is significant ambiguity in this expression because both the E 7(7) connection Γ and the set {Q, P} are describing the same 56 × 133 degrees of freedom (up to the section condition) encoded in ∂ n V m ij . This can be clarified as follows. Using (2.18), the internal GVP can be rewritten as 27) where Q αi j and P α ijkl correspond to the "flattened" components of the E 7(7) generator, living in the 63 and 70 of SU (8), defined by
Evidently one can solve (3.27) either for Q mi j and P m ijkl in terms of Γ mn p , or Γ mn p in terms of Q mi j and P m ijkl . In the latter case, one finds that
There are a myriad of ways to reduce the ambiguity. One particular way is to set Q and P to zero, eliminating it entirely. This is the Weitzenböck connection, and we denote it by˚over the various symbols:
The conventional choice in ExFT is different [20] . It involves taking P = 0, and then eliminating as much (but not all) of the ambiguity by imposing constraints on Γ, through the vanishing torsion condition (2.16). Let's review some group theory briefly to remember how the various parts of Γ are usually constrained in ExFT. Decomposing under E 7(7) and then SU (8) In conventional ExFT, after setting P to zero, Γ and Q have residual ambiguity: the representations appearing in Q are counted twice. Killing the 912 part of Γ (corresponding to torsion) removes 36 + 420 and their conjugates. Constraining the 56 part of Γ to be related to e −1 ∂ m e removes further ambiguity. The remaining ambiguity is the 1280 and its conjugate that appear in both Q and the 6480 of Γ. There is no E 7(7) covariant way to eliminate this piece. However, as shown in [20] , this undetermined piece always drops out of the SUSY transformations.
There is already a reason to reconsider this approach when generalizing to superspace. The determinant e = det e m a is, like the inverse vielbein, an unnatural object to encounter in superspace as it violates general supercovariance, so the constraint imposed on the 56 part of Γ is difficult to lift to superspace. The superdeterminant E = sdet E M A is more natural, but does not reduce naturally to e when returning to components. This suggests that one should leave the 56 part unfixed and hope for it to drop out of the SUSY transformations as well. Actually, as we will demonstrate, there is no need to fix any of the ambiguity in Γ, Q, and P. We will allow both the non-metricity P and the torsion tensor T mn p , defined in (2.15), to be nonzero. This requires that the SUSY transformations be modified to include contributions of these tensors, but in the result, all of the undetermined pieces drop out, not just the one in the 1280.
Because the torsion tensor lies in the 912, we can employ the same representation theory as for the embedding tensor [31] . Defining the tangent space components T ca b = V c m V a n T mn p V p b as for the embedding tensor,
one finds
[jkl] (and traceless) is in the 420. Here we have inserted an additional factor of 2 in the last relation to match the historical conventions for the so-called T -tensor. 11 Later on, it will be useful to extract the undetermined pieces in the internal connections to ensure that they cancel. We will do this by converting to the Weitzenböck connection, and writing expressions in terms ofΓ, isolating the undetermined pieces into Q and P. In terms of the Weitzenböck connection, one can show that
We have included above the corresponding formula for the E 7(7) connection.
From now on, unless we comment otherwise, ∇ m will correspond to an internal covariant derivative carrying an E 7(7) connection and SU(8) connection with arbitrary non-vanishing torsion and nonmetricity. It will not carry any internal spin connection.
E 7(7) exceptional field theory in (+ 56|32) superspace
Now we turn to the construction of E 7(7) exceptional field theory in superspace. In addition to the four external coordinates x m describing spacetime and the 56 internal coordinates y m describing the exceptional structure, there will be 32 anticommuting (Grassmann) coordinates, which we split into chiral and antichiral coordinates θ µ and θμ. 12 Supersymmetry will be associated with diffeomorphisms in the fermionic direction, in a manner to be described in due course. The full set of coordinates are collectively denoted Z M ,
We reserve Z M to denote the (4|32) coordinates (x m , θ µ , θμ) parametrizing an "external" 4D N = 8 superspace, with the additional 56 "internal" coordinates y m describing the exceptional structure. The supervielbein on the (4|32) superspace is denoted E M A whose tangent space index A decomposes as (a, α i,α i) so that
We will refer to E M a and E M αi as the vielbein and gravitino super one-forms, respectively, as they are the superfield analogues of e m a and ψ m αi . The internal exceptional space is equipped with a 56-bein,
While it would be natural to encode E M A and V m a as components of an even larger sehrvielbein E M A (as in central charge superspace [26] ), we will leave discussion of this to future work. From the point of view of the external 4D N = 8 superspace, the 56-bein is a scalar superfield while E M A are components of a super one-form E A = dZ M E M A . In addition to the external and internal vielbeins, there is a tensor hierarchy of p-forms. These include the one-form vector field and two super two-forms
As in components, the second two-form is a constrained tensor on its fundamental E 7(7) index. Just as in ExFT, there are additional 3-forms and 4-forms making up the tensor hierarchy, but we will stop our analysis at the two-forms. Because the unprimed B does not naturally occur in superspace, henceforth, we will drop the prime. Finally, the superspace is also equipped with a pair of one-forms that gauge the local tangent group SO(1, 3) × SU (8) . These are the Lorentz connection Ω a b and the SU(8) connection Q i j ,
Constraints in superspace will be chosen so that these connections become composite, describing no independent degrees of freedom of their own. These superfields each have natural analogues in the component theory. The only component field we have not mentioned in superspace yet is the spin-1/2 fermion. And indeed, there is also a fermionic superfield, which we denote χ α ijk , whose lowest component is the field of the same name. In conventional 4D N = 8 superspace [22, 23] , this superfield actually appears in the curvature super-forms, and so can be treated as a derived quantity. In exceptional superspace, it plays a somewhat more fundamental role, as the gravitino one-form E M αi turns out to directly transform into it under external superdiffeomorphisms.
Symmetry transformations
Under internal diffeomorphisms (Λ m ) and the tensor hierarchy transformations (
,Ω M N m n ) the various superfields transform exactly as their component analogues, with
Here the λ weights of the various superfields match their component cousins. The curvature two-form F N M m (and later, the three-forms H P N M α and H P N M m ) are defined exactly as in components, replacing m → M . We collect their superspace definitions in the next subsection.
There is a minor technical subtlety that the superindices M and A come equipped with a Z 2 grading, which causes certain signs to appear when their relative ordering changes. For example [N M ] above should be understood as a graded commutator. This is common in superspace and we briefly review it in Appendix A. To keep formulae as legible as possible, we suppress such grading factors.
The transformations under external diffeomorphisms are somewhat more involved. We list first the ones whose transformations can be directly compared to (2.21):
A relevant feature is, as in components, the appearance of an anomalous term in δA M m involving ∂ m ξ N . The constrained two-form B N M m transforms not only with an additional explicit spin connection term (matching the redefined component two-form (3.6)), but with a few additional terms involving the gravitino one-forms,
The gravitino one-form E M αi and the spin-1/2 fermion χ α ijk have even more involved anomalous terms,
While the exact relation between the supervielbein and the component fields has not been specified yet, a natural definition, which will be provided in Section 5, motivates the above form of the external superdiffeomorphisms in view of the supersymmetry transformation rules (3.1). Note also that, as already mentioned above, because the gravitino transforms directly into χ, we are led to treat χ on the same level as the gravitino and the other fundamental superfields rather than as a derived curvature superfield. Finally, we should mention that just as in components, the constrained two-form B N M m possesses an anomalous Lorentz transformation,
Covariant external superdiffeomorphisms and modified curvature tensors
The curvature super-forms of the tensor hierarchy have already appeared above in the symmetry transformations of the tensor hierarchy fields. They are defined as at the component level 13
13)
We have included the super 3-forms C m α and C m n in their definitions for completeness, but they will not play a major role in the subsequent discussion. We emphasize that because B m transforms anomalously under Lorentz transformations, the same is true of its curvature H m . In fact, the curvature H m is not even a tensor under internal diffeomorphisms, a fact that we will return to soon.
In addition to the tensor hierarchy curvatures, there are curvature super-forms associated with the supervielbein E M A and the Lorentz and SU(8) connections, Ω and Q. The former define the super torsion tensor,
where 17) as well as the Lorentz and SU (8) curvatures,
Typically, the superspace Bianchi identities determine the latter curvatures in terms of the torsion tensor.
One then finds that imposing suitable constraints on the tangent space components T CB A of the torsion tensor prove to define the supergeometry. However, the situation is more subtle in exceptional superspace. The main reason is that the curvature tensors we have introduced above are not actually the natural curvature tensors from the point of view of superspace. By this, we mean that some of them do not possess natural expansions in terms of the superspace frame E A .
It turns out to be more illuminating to first consider the curvature two-form F m . Recall that under external diffeomorphisms
where we have used ∂ n ξ N = ∇ n ξ N . We would like to rewrite this expression as a covariant external diffeomorphism. A covariant external diffeomorphism is defined in terms of the tangent space parameter
For the vector fields, the additional transformations do not contribute, but nevertheless the transformation rule takes a different form when rewritten in terms of ξ A :
where we have defined
This expression for F m proves to be the superspace analogue of the component modified field strength introduced in (3.11). 14 Recall that the motivation for introducing this modified field strength in components was that, upon redefining the constrained two-form, it was this modified field strength that possessed the twisted self-duality relation. The analogous statement in superspace is that F m will be the 14 One can trade ∂n for ∇n in (4.21) as the connection terms drop out.
tensor that is constrained in order to define the supergeometry. That is, it will be chosen to possess a sensible expansion 15
where (as we will discuss in the next section) the tangent space components F BA m are set equal to other covariant superfields (such as χ αijk ) or are constrained in some other way, e.g. twisted self-duality (up to fermions) in the case of F ba m . As at the component level, the term we have added in (4.21) is not Lorentz invariant because the internal derivative carries no internal spin connection. But F m is itself not Lorentz invariant due to the anomalous Lorentz transformation (4.12) of the constrained two-form. This leads (only) the top component F ab m in (4.22) to transform. As in components, we find, for the inhomogeneous part of the Lorentz transformation,
What about the supervielbein? For the vierbein one-form E M a , it turns out that a covariant external diffeomorphism leads to the usual expression 24) which suggests that the vector torsion tensor possesses a sensible tangent space expansion 25) without modification. For the gravitino E M αi , the situation is more subtle. We find
This can be rewritten as
where we have exchanged ξ M in the additional terms for ξ A = ξ M E M A . The modified gravitino torsion tensor in this expression is
As we will see, this leads to a sensible tangent space expansion T N M αi = E N C E M B T CB αi . The internal counterparts to the supervielbein are the two superfields V m ij and χ αijk . While these are not gauge superfields, they also have curvatures naturally associated with them: their covariant derivatives. Because the 56-bein transforms under external covariant diffeomorphisms as its covariant derivative should possess a sensible tangent space expansion. As in components we take 30) to both define the one-form P ijkl valued in the 70 of SU(8) and the SU(8) connection Q i j . However, the fermion superfield χ αijk has additional terms in its transformation rule, suggesting we define the one-form
so that
This suggests that the one-form τ possesses a natural tangent space expansion, τ M αijk = E M B τ B αijk . For the two-forms, the situation is again somewhat subtle. The transformation for B N M α is unchanged, 33) suggesting that H P N M α possesses a sensible tangent space expansion. The covariant transformation of B N M m is more involved. Keeping in mind the anomalous Lorentz transformation (4.12) and the Lorentz connection contribution to covariant diffeomorphisms (4.19), one finds that
In light of the comments in Section 3.2, a more natural form for the covariant variation of B N M m is
where H m is the modification of the field strength H m ,
which transforms covariantly under internal diffeomorphisms, in contrast to H m itself. The form of (4.35) suggests the definition
Again, the suggestion is that H P N M m should possess a sensible tangent space expansion.
Superspace Bianchi identities
Having now some idea of the relevant superspace curvatures and what combinations of them should involve sensible tangent space expansions, we turn to a brief discussion of the Bianchi identities that need to be solved. We begin with the fields of the p-form hierarchy. As at the component level, the field strength F m must obey the Bianchi identity
where we have used the definition (4.37) for H m . The above form of the Bianchi makes it apparent that H m cannot be covariant under internal diffeomorphisms (because ∂ n H α is not), whereas H m is. Keeping in mind that it is F m rather than F m that will possess a conventional tangent space expansion, one can rewrite this Bianchi identity as in (3.16)
The 3-form field strength H α in turn obeys the Bianchi identity
In the second line, we have introduced
which unlike G m n is a tensor under internal diffeomorphisms. These 4-form curvatures are further discussed in Section 4.5. The constrained 3-form H m obeys the Bianchi identity
Its covariant version H m in turn obeys
The tensors T mn k , R m α = dZ N R N m α , and R mn α correspond to objects that appear in the commutators between internal covariant derivatives. They are collected in Appendix B.
The Bianchi identities for the supervielbein are a bit more complicated. From the definition (4.16), one concludes that
Typically in superspace, the torsion Bianchi identity allows one to determine the curvature tensors R b a and R j i in terms of the torsion tensor. This is somewhat more subtle in exceptional superspace because these curvature tensors may now involve terms with internal derivatives of the supervielbein. This is apparent when considering the Bianchi identities for the 56-bein, which read (using
The second identity defines the SU(8) curvature and involves terms with internal derivatives on the field strength tensor F (which itself involves internal derivatives of the vielbein). Finally, we mention the Bianchi identities for the χ curvature, which we leave in the form
Constraints and solution of the Bianchi identities
We present here the set of constraints on the various curvatures that provide the solution to the Bianchi identities. While we have not explicitly checked the higher dimension components of (4.46) or (4.48), which provide the explicit form of the Riemann tensor (and the superspace version of Einstein's equation), the other Bianchi identities are sufficient to determine the other curvatures. We leave its full characterization to future work, where a unified exceptional geometry would be expected to shed light on some of the structure encountered. While the identities that we need to solve are a good bit more involved than in conventional superspace, luckily, most of the relations correspond exactly to results expected from N = 8 superspace [22] [23] [24] . We summarize them below. Most of the computations were achieved using Cadabra [37, 38] .
The 56-bein curvature P ijkl . We impose the following constraints on the supercovariant derivative of the 56-bein (4.30):
The vector torsion tensor. The vector torsion tensor is constrained so that its non-vanishing components in tangent space are
The choice of T ab c is a matter of convention and can be altered by a covariant redefinition of the spin connection. The choice we expect here is to match the convention used in 4D gauged supergravity [31] , although it is easy to change this. Therefore, the full constraint on the covariant derivative of E a can be written as
The two-form curvature F m . The two-form curvature F m is constrained through the modified field strength F m given in (4.21). The lower dimension parts of F BA m are constrained as
The vector-vector component F ab m is also constrained so that as in gauged supergravity. This is the twisted self-duality constraint in ExFT. Note that the self-dual part of F ab ij is actually Lorentz covariant, whereas the anti-self-dual part transforms as (4.23).
The 3-forms H α and H m . Analyzing the Bianchi identity (4.40), and comparing terms with explicit internal derivatives, one determines the tangent space components of
with all other components vanishing. From the component perspective, the last equality is an equation of motion on the three-form field strength and corresponds to its on-shell duality condition. These expressions agree with those from ungauged 4D N = 8 superspace [24] . Determining the constrained 3-form field strength is somewhat more involved. From the Bianchi identity (4.40), one can directly show that
This explicit expression for the field strength H m is covariant under internal diffeomorphisms as required by the Bianchi identity (4.40). However, the presence of the explicit spin connection means it cannot be covariant under Lorentz transformations, which is as expected. Note that the definition (4.37) for H m , which we motivated in the hope of it having a conventional tangent space expansion, indeed leads to such a result:
From the component perspective, the constraint on H cba m corresponds to an on-shell duality condition. The actual (non-covariant) field strength H m can be found by inverting (4.36):
where q mi j and p m ijkl are given by (2.56). There are several consistency checks which the expressions for H m and H m satisfy:
• The definition of the covariant H m (4.36) involves the E 7(7) connection, which as we have discussed contains undetermined pieces. These drop out from the Bianchi identity (4.40) when the explicit expressions for H m and H α are used, as well as the expression (3.29) for the E 7(7) connection.
• H m is a constrained tensor on its m index, obeying the conditions (2.4). However, H m does not unless the E 7(7) connection is also constrained. As this involves undetermined pieces, this may or may not be the case.
• Because of the underlying non-Lorentz invariance of the two-form field strength, the curvature H m has the appropriate anomalous Lorentz transformation, consistent with (4.12),
The gravitino torsion tensor. The modified gravitino torsion tensor T αi , defined in (4.28), is constrained so that its lower tangent space components are
Because the internal covariant derivative ∇ m does not carry any internal spin connection, the modified tensor T αi has an anomalous Lorentz transformation; this is reproduced by the constraints above due to the field strength F ab ij . Also, because ∇ m does depend on the internal E 7(7) connection, T αi depends on the precise choice of internal connections even though T αi := DE αi does not. This is apparent above in the appearance of both P m ijkl and component A 1 ij of the E 7(7) torsion tensor. However, one can check that the undetermined pieces of the internal GVP drop out of T αi itself. This is the superspace version of the observation in [20] that the 1280 component of the SU(8) connection drops out of the SUSY transformation of the gravitino.
As a consequence of the Bianchi identities, in particular the F m Bianchi identity (4.40), the top component T cb αi itself obeys several constraints. Its self-dual component is fixed as
whereas the spin-1/2 part of its anti-self-dual component is
These correspond to the gravitino equations of motion in the underlying component theory. Note that T ab αi itself is not Lorentz covariant, although T nm αi is. This is because it is T nm αi itself that is directly related to the gravitino equations of motion.
The χ curvature. The curvature τ M αi is defined in (4.31), and it takes values in tangent space as
The spin-1/2 part of its top component τ a αijk is constrained as
corresponding to the χ equation of motion. As with the gravitino torsion components, these constraints arise most directly by analyzing the F m Bianchi identity (4.40). Here as well the specific choice of connection terms in ∇ n influences the χ curvature. The absence of an internal Lorentz connection is reflected in the appearance of F ab ij , and the dependence on the precise E 7 (7) connection is reflected by the appearance of P m ijkl and the generalized torsion component A 2l ijk . As with the gravitino curvature, one can check that the undetermined pieces of the internal GVP drop out of Dχ αijk .
The G curvatures
For the sake of completeness, we record here a number of results related to the 4-form field strengths G m α and G m n in superspace. These arise by solving the Bianchi identities (4.41) and (4.44), which provided for us a consistency check on our solutions for H α and H m . As when one solves for the H field strengths using the F Bianchi identities, there is ambiguity in these solutions having to do with the kernel of the projector appearing on the right-hand side of the Bianchi identity. To put it more simply, to solve for the 4-form curvatures G, we must implicitly make a choice for the 4-form potentials of the tensor hierarchy, as these have not yet appeared in any curvatures. It is interesting that the superspace versions of the G curvatures that we will give below possess on-shell duality conditions that do not reduce to the ones given in (2.40) and (2.43), and thus must correspond to a redefinition of one or more of the 4-form potentials.
The superspace curvature G m α , which is in the 912, enjoys like H α a standard tangent space expansion with components
where Z m α is a purely scalar expression determined only by derivatives of the coset fields. In terms of the Weitzenböck connection, it can be written most simply as
entirely in terms of the Weitzenböck torsion and the internal metric. Note that this does not coincide with the bosonic expression (2.40) given in Section 2. This suggests that these two bosonic results for G m α must differ by a redefinition of a 4-form potential. We will show this below. The fact that this form of the expression seems to more naturally arise in superspace is quite remarkable for the following reason. In a Scherk-Schwarz reduction of the type we will discuss in Section 6, the Weitzenböck torsion is replaced by the embedding tensor, and the above result is then proportional to the variation of the scalar potential of gauged supergravity with respect to the embedding tensor. It is expected that the D-form field strengths of gauged supergravities should be equal to this quantity, see e.g. the D = 3 discussion of [39] . The compact expression (4.65) can be rewritten as
where Q α and P α are the SU(8) projections of (t α ) m n , see (3.28) . In the latter expression, we have done two things. First, we have exchangedT built from the Weitzenböck connection for T built from the generic E 7(7) connection Γ. Remember this carries undetermined pieces, corresponding to freedom to redefine Q m and P m , which now appear explicitly. We have subsequently rewritten T in terms of the SU(8) tensors A 1 and A 2 .
The reason for rewriting Z m α in this way is to emphasize that it is not SU(8) invariant, with the internal connection Q mi j appearing explicitly. The SU(8) transformation of Z m α leads to a transformation of G m α itself, 
In order to generate the anomalous SU(8) transformation (4.67), one should assign the following anomalous transformation to D m np ,
This is an intriguing result, because it seems very similar to what we found for the constrained 2-form, where it seemed necessary to assign an anomalous Lorentz transformation (4.12). This anomalous SU(8) behavior seems to be at the root of the difference between the bosonic part (4.65) of the superform G m α and the purely bosonic expression (2.40) for G m α . Namely, there seems to be a tension between maintaining SU(8) invariance and maintaining covariance under internal diffeomorphisms. We derived the expression (2.40) in a formulation with only an internal metric and no explicit 56-bein; it was not possible to violate SU(8) invariance, and we were led to an expression that transforms anomalously under internal diffeomorphisms. In deriving the superform G m α above, manifest E 7(7) diffeomorphism covariance was assumed everywhere and led to an expression that violates SU(8) invariance. As it turns out, one can write down the bosonic shift in D m pq that exchanges (2.40) for (4.65):
It is easy to see that this induces the anomalous SU(8) transformation discussed above. For completeness, we also give the rather complicated expression for G m n that we found in superspace.
As with H m , it is useful to separate out a part G m n that possesses a conventional tangent space expression from the rest:
The last term Z m n gives the purely bosonic part of G m n and involves the rather unwieldy expression 16
As with H m , much of the structure is determined by requiring that the undetermined parts of the various connections cancel when one computes G m n from G m n . The expression for G m n can be recovered 16 The ∇m in ∇mQni j is to be understood to carry the same SU(8) connection as if Q were a tensor.
by setting Γ = 0, Q = q, and P = p in the expression for G m n . We should also add that the expression forG m n (that is, with the Weitzenböck connection) is quite simple asQ m andP m both vanish. The bosonic part of G m n must coincide with the one given in (2.43) after some redefinition of the 4-forms. We have already seen for G m α that the redefinition is restricted to the constrained 4-forms, in particular 
Component results from superspace
Here we verify that the use of the proposed generalized superdiffeomorphisms and constraints on torsion and curvatures produce the component results.
Component fields and supersymmetry transformations
First, we must identify the component fields in terms of the various superfields. For the component one-forms, the correct procedure is to identify them as the θ = dθ = 0 part of the superspace one-form. Formally, this corresponds to the pullback of the inclusion map embedding spacetime into superspace. For the vierbein, this amounts to
For the gravitino, it is conventional to include an additional factor of 2,
For all other one-forms, we make the analogous choices, i.e. for the fundamental one-forms, and similarly for the composite one-forms,
All other component fields correspond to θ = 0 parts of identically named superfields. For example, χ α ijk (x, y) := χ α ijk (Z)| θ=0 , and so forth. To derive their symmetry transformations, we must compute their transformations under covariant external diffeomorphisms where the diffeomorphism parameter, written in tangent space, takes the form
Let's discuss first how this works with the vierbein and gravitino. From (4.24) and (4.50), we find for the vierbein 5) which reduces to the component result, rewritten in four-component notation,
From (4.27) and (4.59), we find
Lowering and suppressing the spinor index, and then reducing to the θ = dθ = 0 part gives the gravitino supersymmetry transformation
For the 56-bein, (4.30) and (4.49) lead to
whereas for χ (4.32) and (4.62) imply
For A m m , we combine (4.27) with (4.52) to recover
For the adjoint-valued two-forms, (4.33) and (4.54) lead to
For the constrained two-forms, (4.38) and (4.56) lead to
Above, we have recovered the SUSY transformations of e m a , V m ij , and B mn α in the form of (2.46). For the gravitino, χ ijk , and B mn m , one must keep in mind that the above rules involve the redefined field B ′ mn m (which we have denoted in Section 4 and onward without a prime) and so one should compare instead with (3.20) . Aside from higher fermionic corrections, some deviations arise in these transformations having to do with allowing the internal GVP to take a more general form. For example, in comparing with the gravitino transformation (5.8), one finds in addition to (3.20) , two explicit higherorder fermion terms, one implicit higher-order fermion term (the second F ab ij term, which is on-shell related to a fermion bilinear via (4.53)), and the last two terms involving the A 1 component of the E 7 (7) torsion tensor and the non-metricity P m ijkl , which vanish under the internal GVP assumptions made in Sections 2 and 3.
We emphasize that as in [20] one can confirm that all of the undetermined components of the internal connections drop out from the above transformations. This is most easily seen by using (3.33) to rewrite Γ in terms of the Weitzenböck connection, isolating the undetermined pieces in the fields Q mi j and P m ijkl . The latter two fields then cancel out of all equations.
Composite connections and supercovariant curvatures
The supersymmetry transformations discussed above involve several composite quantities -the spin connection, the SU(8) connection, the covariant field strength F ab ij -and their component definitions need to be given for the component SUSY transformations to be fully realized.
From the constraints on the torsion two-form, one determines the component external spin connection by projecting (4.51) to spacetime, 14) and solving for ω m ab in the usual way. One similarly obtains the component SU (8) from (4.30) , 15) and inverting the relation to solve for Q mi j . Both expressions for ω m ab and Q mi j match those of ungauged N = 8 supergravity upon replacing ∂ m → D m . Note that this expression defines P a ijkl to coincide with the supercovariant one-form of ungauged N = 8 supergravity, where it is usually denotedP a ijkl . The supercovariant field strength for the vector fields arises by projecting (4.21) to components, using the constraints (4.52), and solving for F ab m as 16) 6 Consistent Scherk-Schwarz reductions in superspace
It has already been shown in [17] that the (bosonic) E 7(7) ExFT admits a consistent Scherk-Schwarz reduction to gauged supergravity with an embedding tensor related to the twist matrices associated with the reduction, provided the twist matrices themselves obey the section condition. It is no surprise that a similar statement can be made connecting E 7(7) ExFT superspace with N = 8 superspace with an arbitrary embedding tensor. We sketch the construction here for two reasons. First, with the more generic internal GVP we have advocated, the connection between ExFT and gauged supergravity becomes completely transparent. Second, to our knowledge, the corresponding N = 8 superspace with generic embedding tensor has not actually appeared explicitly in the literature, although it is by no means difficult to construct it directly from the component results [31] .
In complete analogy to [17] , a generalized Scherk-Schwarz reduction in superspace arises by assuming that the y-dependence of any superfield is sequestered into two special fields, a so-called twist matrix U m M (y) and a scale factor ρ(y); hereafter we refer to these collectively as twist matrices. We employ M, N, P, · · · to denote the "flat" E 7(7) 56-plet indices of gauged supergravity. 17 For a superfield Φ m of weight λ, carrying a single fundamental E 7(7) index, we call a covariant twist one for which
with a straightforward generalization to different E 7 (7) representations. Nearly every superfield is covariantly twisted, e.g.
The exception is for the constrained p-form fields, e.g. B N M m , which we will describe shortly. The twist matrices cannot be chosen arbitrarily. Rather, they must obey the following two conditions
where X MN P and ϑ M are constant matrices. These correspond to the two components of the embedding tensor of gauged supergravity, with X MN P = Θ M α (t α ) N P corresponding to the 912 component [31] and ϑ M corresponding to the 56 component associated only to trombone gaugings [40] . Provided one can choose twist matrices in this way, one can show that the two pieces of the embedding tensor, X MN P and ϑ M , obey the quadratic constraints [17] .
In order to convert the various ExFT formulae, it is useful to eliminate the ambiguity inherent in the internal GVP. The easiest way to do this is to choose the Weitzenböck connection whereΓ m α is determined entirely in terms of the derivative of the 56-bein withQ mi j andP m ijkl both vanishing. Because of the ansatz made for the coset fields, it is easy to see that the E 7(7) connection is given purely by the twist matricesΓ
In particular, it follows that the torsion tensor is
Considering the torsion tensor as an internal tensor of weight λ = −1/2, we identify its "flattened" version as the embedding tensor. It is also straightforward to show that the covariant derivative of any superfield obeying the covariant twist ansatz (6.1) is
This generalizes easily to any other E 7(7) representation carried by Φ. Thus, covariant derivatives of covariantly twisted objects just map to the trombone part of the embedding tensor, multiplied by a factor of 4 3 λ. The notable exception to the covariant twist ansatz is the constrained two-form B N M m (and the higher constrained p-form fields). The appropriate ansatz, given in component form in [17] , can be motivated by considering a covariantized version of B N M m ,
This redefined 2-form is the natural potential associated with the 3-form field strength H P N M m that we have been employing. For example, the field strength superform F m can be rewritten 9) in terms of B. Above, we have converted all internal derivatives to covariant ones. Here we are using a generic E 7(7) connection, but now we will specialize to the Weitzenböck connection. The reduction ansatz for B, when the Weitzenböck connection is chosen, can be simply written as
It is straightforward now to apply the reduction ansatz to all of the various curvature superforms. For example, the field strength superfield F M becomes
as expected for gauged supergravity [40] . Note that there is no longer any difference between F M and F M . Now the superspace constraints on F M are just given by (4.52) and (4.53), with the index m replaced by M. Similar considerations apply to the higher p-form field strengths in the tensor hierarchy (with the exception of the constrained field strengths discussed below). For example, the field strength H α of gauged supergravity will obey the same constraints (4.54), although its explicit form in terms of the potentials will now involve the embedding tensor as in (6.11) . For quantities that are covariant under internal diffeomorphisms, it is useful to first fully covariantize any internal derivatives. In particular, the external covariant derivative D of any superfield that transforms covariantly under internal diffeomorphisms is altered as follows. For the prototypical superfield Φ m of weight λ discussed above,
Now covariantly twisting quantities and specializing to the Weitzenböck connection, this becomes
The last term is the usual embedding tensor contribution, whereas the middle two terms correspond to trombone contributions. For the vierbein E M a , the new torsion tensor T a = DE a is unchanged. Similarly, the constraints on DV M ij = P ijkl V Mkl exactly match the superspace ExFT results. For the gravitino E M αi , we define T αi = DE αi , and using the definition (4.28) of T αi with its ExFT constraints (4.59), leads to the gauged supergravity constraints
It helps to recall here that A 1 ij in (4.59) corresponded to a specific component of the E 7(7) torsion tensor. Adopting the Weitzenböck connection and making the reduction ansatz converts this to the corresponding component of the embedding tensor. The trombone contribution B ij := iV Mij ϑ M arises from the second term in the definition of T αi . We also emphasize that taking the Weitzenböck connection has eliminated all factors of P and Q. For the one-form χ curvature, τ αijk := Dχ αijk , we recover the constraints Using these constraints, one can recover the expected SUSY transformations of the component gravitino and χ field. Because of the structure of the generalized Scherk-Schwarz reduction, where group-valued twist matrices govern the entirety of the y-dependence, consistency of the reduced theory is straightforward. The only meaningful check is to ensure that the trivial ansatz (6.10) for B N M m is consistent with the other ansätze, where a general (x, θ) dependent piece remained. This amounts to checking that the curvature associated with B N M m actually vanishes. Although we have not discussed this explicitly, it is relatively straightforward to show that H m can be defined directly in terms of B m and corresponds to the covariantization of its exterior derivative. Now upon specializing to the Weitzenböck connection and making the ansätze discussed above, one can see thatH m does indeed vanish. 18 (The same is true forG m n , ensuring that the constrained 3-forms drop out as well.)
In summary, the constraints discussed above characterize the structure of gauged supergravity in superspace.
Conclusions
In this paper we have provided the superspace formulation for E 7(7) exceptional field theory. We have shown how the external diffeomorphisms and local supersymmetry transformations can be understood in a unified fashion as superdiffeomorphisms. In doing so, we have found that a redefinition of constrained 2-form potential is necessary, and it provides a geometrical framework in which the internal Lorentz connection is removed everywhere. Interestingly, a similar field redefinition in E 8(8) exceptional field theory, this time involving a constrained 1-form, allowed a reinterpretation of the theory as a Chern-Simons theory [35] . As an application of our superspace E 7(7) ExFT, we have performed a generalized ScherkSchwarz reduction to obtain the superspace formulation of maximal gauged supergravities parametrized by an embedding tensor.
The ideas of this paper are expected to be applicable to all other exceptional field theories. Two challenging future directions are as follows. The first is an application of our results to the construction of actions for particle, string and brane actions as suitable sigma models in which the target space manifold is the superspace we have constructed here. The second is to aim for a further unification. Although we have combined supersymmetry and external diffeomorphisms, they remain distinct from internal diffeomorphisms. A master formulation should exist where these emerge as different parts of a single set of generalized (super)diffeomorphisms. In such a formulation, including fermions and their local supersymmetry transformations, it would be interesting to understand better the reason for the redefinitions we have encountered and whether it is indeed essential for some of the constrained p-form fields to adopt anomalous R-symmetry transformations.
They decompose as where (γ ab ) αβ = ǫ βγ (γ ab ) α γ is symmetric in its spinor indices and similarly for (γ ab )αβ = ǫαγ(γ ab )γβ. These obey the duality properties 
The corresponding connections appear in the covariant derivative with a minus sign so that
(A.10)
A.3 Differential forms
Our conventions for differential forms follow the usual superspace conventions. For a p-form Ω, we write
Differential forms and interior products act from the right, so that Gradings also arise from pushing super-indices past other fermionic indices. For example, (4.26) should be read as 16) as the M index must be pushed all the way to the left and picks up a sign when passingβj.
B Algebra of external and internal derivatives
In analyzing the superspace Bianchi identities, it is useful to employ covariant external and internal derivatives to maintain manifest internal diffeomorphism covariance. In this appendix, we summarize the commutation relations of these covariant derivatives. A number of these formulae have appeared elsewhere (see e.g. [34] ), but we present them here in a unified way in our conventions. 
Curvature relations. As a consequence of the external and internal GVPs, 15) one can show that R M n pq = 2i R M n kl ij + P n ijrs P M rskl − P M ijrs P nrskl V (p kl V q)ij
This condition allows one to determine the E 7(7) curvature R M np q from the SU(8) curvature R M n kl ij =
and the mixed curl of P ijkl , or vice-versa, reflecting the ambiguity in the internal GVP. Similarly, using 17) one can determine the two-form DP ijkl and the external SU(8) curvature R i j as
For these last relations, it is helpful to use
Then one can show for example that where a projection onto the 420 of SU (8) is implied in the last equality.
